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Numerical Analysis of Unsymmetrical Bending
of Shells of Revolution

Bernarp Bupiansky* anDp Perer P. Rapkowskrt
Avco Corporation, Wilmington, Mass.

A general numerical procedure, based on the linear theory of Sanders, is developed for the
elastic stress and deflection analysis of a shell of revolution subjected to arbitrary loads and
temperatures. The shell may have variable and discontinuous, but axisymmetric, geometrical
and mechanical properties. The procedure involves the expansion of all pertinent load, stress,
and deformation variables into Fourier series in the circumferential direction; the individual
Fourier components of stress and deflection then are found separately by matrix solution of
the finite-difference forms of appropriate differential equations in the meridional coordinate.

Nomenclature
a = reference length
a1, Gs, . .. az = coefficients defined in Appendix A
= nondimensional membrane stiffness [Eq. (33)]

c,y €3, €.y o = elements of column matrix e, defined in Appendix
A

d = nondimensional bending stiffness [Eq. (34)]

et, €9, eLo = Fourier coefficients for membrane strains [Eq.
(23)]

fe = Fouriler coefficient for effective transverse shear
[Eq. (45)]

ho = reference thickness

ke, ke, ko = Fourier coefficients for bending distortion [Eq.
(24)]

mg, mo, mgg = Fourier coefficients for bending moments [Eq.
(20)]

P, Pt, PO = Fourier coefficients for loads [Eq. (25)]

q, g5, Q8 = shell loads per unit area (Fig. 2d)

r = normal distance from shell to axis (Fig. 1)

s = meridional shell coordinate (Fig. 1)

tz, lo, teo = Fourier coefficients for membrane forces [Eq.
(19)]

) = Fourler coefficient for effective membrane shear
(Eq. (45)]

ug, up = Fourier coefficients for meridional and circum-
ferential displacements [Eq. (21)]

w = Fourier coefficient for normal displacement [Eq.
(21)]

E = Young’s modulus

Mz, Mo, M = bending moments per unit length (Fig. 2¢)

Mo = modified twisting moment [Eq. (9)]

Ng, No, Nty = membrane forces per unit length (Fig. 2a)

{\750 = modified membrane shear [Eq. (8)]

Ngo = effective (boundary) membrane shear [Eq. (43)]

Q¢, Qo = transverse forces per unit length (Fig. 2b)

Qr = effective (boundary) transverse shear [Eq. (44)]

Rg, Ro = radii of curvature [Fig. 1; Eq. (2)]

= temperature change

U, Up = meridional and circumferential displacements
(Fig. 3a)

w = normal displacement (Fig. 3a)

a = thermal expansion coeflicient

¥ = p'/p

€z, €0, € = membrane strains [FEq. (12)]

] = circumferential angle (Fig. 1)

KE, K8, KEO = bending distortions [Eq. (13)]

A = ho/ a

v = Poisson’s ratio

£ = nondimensional meridional coordinates (s/a)
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Introduction

UMERICAL methods recently have been devised for the

elastic, small deflection analysis of thin shells of revolu-
tion loaded axisymmetrically® 2; the present paper extends
these methods to the analysis of such shells subjected to
arbitrary load distributions. The shell material is assumed
to have two-dimensional elastic isotropy with respect to
directions tangent to its surface, but Young’s modulus is
permitted to be variable (and discontinuous) through the
thickness as well as in the meridional direction. For sim-
plicity, Poisson’s ratio is assumed constant. Thermal strain
effects due to arbitrary temperature distributions are included
in the analysis; however, any influence of temperature on
Young’s modulus must be averaged circumferentially in
order to preserve the essential requirement of physical sym-
metry about the shell axis. Accordingly, the present analysis
is inapplicable when the circumferential variation of tempera-
ture is sufficiently great to produce appreciable circumfer-
ential changes in Young’s modulus.

The analysis is based on the general first-order linear shell
theory of Sanders,® which has been assessed* as the ‘“best”
of the many competing thin-shell theories in the literature.
All pertinent variables are expanded into Fourier series in the
circumferential direction, and decoupled sets of ordinary
differential equations thereby are obtained for the individual
Fourier components of the independent variables sought.
Finite-difference approximations to these differential equa-
tions then are solved by means of appropriate matrix tech-
niques.
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Fig. 1 Surface geometry and coordinates.

Surface Geometry and Coordinates

Material points in the shell can be specified by means of the
orthogonal coordinates (s, 8, {), where (see Fig. 1) s is the
meridional distance measured from a boundary along an axi-
symmetric reference surface, 8 is the circumferential angle,
and ¢ is the normal, outward distance from the reference
surface.. In homogeneous shells, the middle surface always is
used as the reference surface; but when, more generally, the
Young’s modulus E is variable, the reference surface is best
chosen so that

Serds =0 )

where the integration is through the thickness. (This choice,
as will be seen later, simplifies the constitutive relations of
elastic shells.) If the shape of the reference surface is given
by r(s), where r is the distance from the axis, the principal
radii of curvature are

Ro = r[l — (dr/ds)?]\/* o
R, = —[L — (dr/ds)*]"*/ (d*r/ds?)

Introduce the nondimensional meridional coordinate £ = s/a,
where a is a reference length; then, with p = r/a, the non-
dimensional curvatures wg = /R, and wy = a/Rs can be
found from the formulas

ws = [L = (p")2]"%/p 3
wg = ="+ v/ we 4

where
v =p9'/p (5)

In these equations, and henceforth, ( )’ = (d/d&)( ). Fi-
nally, note the Codazzi identity
= y(ws — we) . (6)

and the relation

p"/p = —wws )

Analytical Formulations

Forces, Moments, and Loads

The components of membrane force per unit length, trans-
verse force per unit length, moment (about the reference
surface) per unit length, and load per unit area (assumed to be
applied at the reference surface) are as shown in Fig. 2. In
the Sanders theory, the shearing forces Ny and Ny, as well
as the twisting moments Mg and My, are not handled
separately but are combined to provide the modified variables

— 1 1/1 1
Ng = é(Ngo“l‘ Neg) + i <R~H - }—E$> (Mgp — Meg) (8
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and
Meo = Y( Mo + Moy 9

With the elimination of the transverse forces Q¢ and @,
the equilibrium equation of the Sanders theory® can be
written, for shells of revolution, as

o & Vo + g Feo - PNO:| +
[ s("M*) + 5 (e — o' | +

é (wg — wo) 07) (Mgo) + a?pge = 0 (10a)

o & w0 +2 (PNso)+pNe0:|+

wp [6_0 (Mo) + = (pM ) + P'Mse:l +

b?
£ 2 b7 2pq0 = 0

2 oF [(ws — wp)Meo] + a2pgs = 0 (10b)
fa)

Y l:bé (pMy) -I- (Mso) - p’Mo] +

10

Y, I:ag (Me) + -

Y O (ollw) + p'Mso:I -
ap(wiNg + wolNg) + a’pg = 0 (10c)
These equations are exact.t

Displacements, Rotations, and Strains

The displacements and rotations of the reference surface
(Fig. 3) are related by the equations

1 oW
5=&[— g‘i‘ng{I

1 1 oW an
@6 = ZZ l:— ;)—ao + ono]

€ = 1 [-a—%-{- ng:'

a | of
112U
€= - [ S U+ ng] (12)
alp
10U; oUy
€p = [P Y] + = E 'yUo:|

where e is half the usual engineering shear strain.
Finally, the measures of bending distortion used in the
Sanders theory are

_ L o%
IRy
_1[1oP
K6 a[_ 60+q>€:|

(13)

)]

Then, by the usual Kirchhoff hypothesis (“normals remain
normal’”’) and the neglect of terms of order ¢{/R, and {/Rs
relative to unity, the longitudinal, circumferential, and shear
strains at a distance { from the reference surface are

1 [10% | o®
Kig = — I:P >0 + o vPo +

<1 oU: Uy
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€ + (ke w8 8
e + ke (14)
€z0 + §' Ko Ug \d’e

respectively.

Constitutive Relations

Neglecting, as usual, the effects of stresses normal to the
shell permits the stress-strain-temperature relations to be
written as

¢ + (kg = [(0p — voo)/E] + aT
e + $xp = [(06 — vor)/E] + T (15)
€0 + $xeo = [(1 + »)/E]oze
where the temperature change 7 may vary with {, as well as
with £ and 6. The Young’s modulus £ and the thermal
expansion coefficient « will, however, be permitted to vary
only with £ and . The (modified) forces and moments are

approximated closely in the shell by the following integrals
through the thickness:

N = Joudg My = fcodt
No = Soudi My = Stoudt (16)
Neo = Soods Mo = Scopds

Then, with the use of the defining relation (1) for the reference
surface, together with the assumption of constant Poisson’s
ratio, it is found from (14-16) that

o= Ve = N SEaTd¢
T JEd¢
No — vNe . SEaTd¢
= + 17
T fre T SBag )
s — (1 + »)Neo
¥ fEic
and
M — vMy | StEaTdg
Ke =
YT ferar | SeRds
My — vMe | StEaTdg
= + 1
T fera T Sopd 1
Kep = (1 + V)Mge
¥ fends
& 8
o -
Nee
N
’( 8 o
13 Ny 3
a) b)
8 8
\/f“ee q
Me qe
/&\Mg 9%
3
Meg d
d)

Fig. 2 Forces, moments, and loads; a) membrane forces
per unit length, b) transverse forces per unit length,
¢) moments per unit length, d) loads per unit area.

Fig. 3 a) Displace-
ments; b) rotations.

Ue %d):
13 3
a) b)

The complete set of field equations for the 17 independent
variables N¢, No, Neo, Mg, Mo, Myo, Uz, U, W, B¢, By, €, €5,
€0, Kg, Ko, Kgo NOW is given by the 17 equations (10-13, 17,
and 18).

Fourier Expansions and Nondimensional Equations

The independent variables now will be expanded into
Fourier series, with appropriate normalization to provide
nondimensional Fourier coefficients of roughly comparable
magnitudes for the different variables. Letting &, be a
reference stress level, F; a reference Young’s modulus, and A
a reference thickness, solutions of the field equations will be
sought in the following forms:

Ne = ool E 1 cosnd
n=0
No = oohy 0 4™ cosnf 19

n=0

Ngo = O'Qha Z tfo(") Sinnﬁ
n=1

aohy® <
Jlg = —0(;0— Z mE(") cosné

n=0
Gohe® —
Ms = 22 D7 me™ cosnd (20)
a u=0
= ooho® < .
M = —=% D0 mg™ sinnd
a p=1
Aoy =
Ug =" 2 us™ cosnd
EO n=0
oy ~— )
Us =~ 2 ug™ sinnd 21)
EO n=1
A0y ~—
W =23 ww cosnd
) EO n=0
gy e
&, = =2 > ¢ cosnd
¢ EO n=0 ¢
(22)
0o < .
¢0 = _—0 Z ¢0(n) Slnn0
EO n=1
a' [ee]
€= = 2 e:™ cosnd
0 n=0
ado i
€ =— 2, ™ cosnd (23)

Eo n=0

[se]
o .
€& = 5 > eg™ sinnd
0 n=1
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[110) 2
_ (n)
Kg by ngo k™ cosnd
(2} il
= — ko cosnd 24
Ko (lEo nz=:0 b . ( )

() = .
Kep = ——~ 2 ko™ sinn
¢ ally n=1 ¢

These Fourier expansions are consistent with loadings of the
forms

g = oho > p(E) cosnb
@ =0
Uoho &
e =~ 2. pe(£) cosnf (25)
[ : @ =0
qo = ooha e (£) sinnf
a n=1
and a temperature distribution
T = 2, T®W() cosnf (26)
n=0

The various field equations now can be decoupled into
separate sets for each Fourier index n; for convenience, the

superseript (n) on Fourier coefficients will be omitted in the

equations that follow. The equilibrium equations (10) lead to
'+ vt — to) + (n/p)tes + N{wpmy’ -+

yog(mg — mo) + (n/2p)(Bwy — wo)mze} + pz =0
tee’ + 27t — (n/p)te + N2{ —(n/p)wome +
$(Bws — wpmgs’ + F{v(Bwe + wp) — w'lmg) +pe=0 (27)
— wety — weto + N2{me” + 2yms" — wpwoms +

[wzws — (n/ p%)Ime — yme' + (2n/p)mes’ +
2vn/pymgs} +p =0

where A = hy/a, and use has been made of the geometrical
identities (6) and (7). The relations (11-13) give

o = —w + wpu (28a)
wyp = (n/p)w + wsue (28b)
eg. = U/g' + ww
es = (n/pyue + yur + wow (29)
ez = Flue’ — yus — (n/p)ugl
ke = o ks = (n/p)pe + vor

keo = 3{—(n/p)o; + 0o’ — voo + (30)
3 (ws — wp) [(nug/p) + us’ + yuol}

and, finally, the constitutive relations (17) and (18), inverted
to give forces and moments in terms of strains and bending
distortions, lead to

t = b(eg + veg) — tp™ ty = bleg + vey) — tx®

to = b(1 — v)ego (31)
and
mg = d(kz + vke) — mp™» (32a)
me = d(ke + vky) — mg™ (32b)
Mmee = d(l - V)kga (320)
where
JEd; 3
N it S 3
b Eoho(1l — p?) (33)
JeEdg
= 34
*= Bt — ) 39
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SEaT®wdg

w — JHel e 35
tT( : Uoho(l - V) ( )

. aJtEaTwdg 36
me® = aohe’(1 — ») 9

(Again, the superscript (n) on tr™ and ms™ will be omitted
henceforth.)

For each n, the set of field equations for the 17 Fourier
coefficients tg, tg, tzo, mg, Mg, Mo, Uz, Us, W, @z, V0, €z, €0, €z,
ks, ke, keo now is given by the 17 equations (27-32).

It may be remarked at this point that the Fourier expan-
sions (25) and (26)—symmetrical about § = 0 for ¢, ¢z, and T
and antisymmetrical for ge—are not, of course, the most
general that could exist. For full generality, these expansions
should be augmented by the additional series

g = 9ok > p(E) sinng
a4 =1
PO S~ .
G = -, 2 Pe(E) sinnd
n=1

[ ohg

a

1]
=
Il
B3
I 8
[\g|

pe (&) cosnd

T = Zl TW(E,¢) sinnd

But note, for example, that the contribution ™ sinnd to the
series for § may be written 3™ cosn[d — (w/n)], and so its
effect on the shell is described by the equations already
derived as long as an appropriate shift in the # scale is in-
corporated into the interpretation of the results. A similar
interpretation is applicable for all of the other barred Fourier
coefficients, with the exception of pe®@; but the loading asso-
ciated with this term is one of pure torsion, which is best
handled separately by membrane shell theory.

Reduction to Four Second-Order Differential Equations

The set of field equations obtained constitutes an eighth-
order system that can be reduced, in a conventional fashion,
to three equations in wg, ug, and w. But a more attractive
procedure is to derive four differential equations, each of
second order, in the variables wug, ue, w, and mg. In so doing,
it is necessary to eliminate mg by means of the relation

mg = vmg + d(1 — vD)ky — (1 — v)my 37

in order to prevent the ultimate appearance of derivatives of
w of order higher than two. Then, substituting (37, 82¢, and
31) into (27) and using (28-30) to eliminate the membrane
strain and bending distortion gives three of the desired
equations; the fourth equation is given by (32a), again with
k: and kg expressed in terms of the displacements. The re-
sultant set then can be written as

ang” -+ apug’ I asuy + ague’ + asus + asw’ -+
aw + agme’ + agmg
amug:' + anug + awue” + ausue’ + auue + asw” +
aw’ + arw + Wighy =
awus' + aug + anus” + aoue’ + aogug -+ asw” 4+
a5’ T+ ot - azrme” + aogmy’ + aaemg = Cs

st + aug - asug + asw” 4+ asw’ +
assw + awmg; = Cy

If

G

Ce
(38)

where the a’s and ¢’s are given in Appendix A. These equa-
tions can be written in the matrix form

E" +Fo' +Gz=¢ (39)
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where NT s
- 3
Ug w \ ~
Ug -
2= |4 (40) L7 \ U
mg /5 v Q\v
and T~
o, 0 0 O] a, @4 G5 Og / o
0 aw a5 O | G0 a as 0 2 : &
E= 0 an au aw F = Q19 Qg2 G5 O wt /
0 0 ass O B a3 0 34 0 NE+
, . (41)
Cas a5 @ ag | L Fig. 5 Discontinuity conditions.
G = qu iy @7 O _| ¢ . . . .
T law Gxn ax a €= e and where © and A are appropriate diagonal matrices, and [ is
s Gz Qa5 Qs 4 a given column matrix. (For example, if u; is given, the first

Boundary Conditions

In the Sanders theory, the expressions for virtual work per
unit length at the boundaries s = 0, § are
F (Nl + NeoUs + QW + My (42)

where

Nu = N + [(3/2Rs) — (1/2R:)] My (43)

and

Qr = (1/ap)[(2/08) (pMy) + 2(0M5/08) — p'My] (44)

are ‘“‘effective” membrane and transverse shears, respectively,
per unit length (see Fig. 4). This form of the virtual work
indicates the kinds of boundary conditions that can be iAm—
posed; thus, either N or Us may be prescribed, either Ny
or Us may be prescribed, and so on; or, more generally, N;
and U may be related through an elastic constraint against
meridional displacement; and analogous constraints can link

N g0 and Uy, Q¢ and W, and M, and ®;. Letting

Nge = Uoho Z 3590’) sinnf
n=1

(45)
Qs = aoho i Je™ cosnd
n=0
gives (dropping superscripts)
B = tpo + (N/2)(Bws — wp)mee

fe = Nmg" + v(mg — me) + (2n/p)myo] (,46)

Then the boundary conditions just discussed always can be
written (for the nth Fourier components) as

Qy + Az =1 (47)
where
t
izo
= 4
v=1 (48)
(%4

Fig.4 Effective boundary
forces and moment. 3

diagonal element of  is zero, that of A is unity, and the first
element of { is the preseribed value of wu; if there is an elastic
constraint on wug, then the first diagonal element of @ is unity,
that of A is the appropriate constraint coefficient, and the
first element of [ vanishes.) But now it is desirable to ex-
press the boundary conditions entirely in terms of z; from
Eqs. (28-32 and 37), it follows that

b1u$’ + bzug + bauo + b4w - tT

bsuE + beue’ + b-;ua + bgw’ + bgw

bloug + buug” + bug + b’ + bw + blsmg' +
bwmg + Ay(1 — »)my

where the &’s are given in Appendix A. These equations,
together with (28a), then give

[

£
£ (49)
£

y=Hz! +Jz+ f (50)
where
b 0 0 O —ip
0 b b O 0
i = 0 bu bz bis f= Ay — v)my
0 0 -10 0
(561)
by by by O
7 bs b: by O
- blO b12 bl4 blﬁ
w: 0 0 0
Hence, the boundary conditions (47) can be written as
QHz' + A+ Qe =1 —-Qf (52)

Discontinuity Conditions

The differential Egs. (39) are not valid at points in the shell
where discontinuities in geometry (and hence in the co-
efficients) oceur; furthermore, z itself is ambiguous at a dis-
continuity in the inclination of the reference surface, where
the directions of u; and w change abruptly. Accordingly,
special transition equations will be derived which relate z
and its derivative on either side of a discontinuity. With
plus and minus superscripts denoting values just beyond and
ahead of a discontinuity, respectively, the conditions of geo-
metrical compatibility are (see Fig. 5)

ugt = g~ cogyy — wsing

ugt = ug~
wt =y~ sing + w™ cosy (53)
ert = o~
and equilibrium requires that

t5+ = tg“ COSIP - fg_ Sinlp

igo'*' = igo_

fet =t~ sing + fe~ cosy (54)

mgt = mg”

. (These last equations easily can be generalized to include
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the effects of externally applied circumferential line loads and
moments.) The information in (53) and (54) is reproduced
in the equations

y* = Yy~ (65)
zt = Yz~ (56)
where
cosy 0 —sing O
v = gimb (1) gosyl/ 8 (57)
0 0 0 1

Combining (55, 56, and 50) then provides the single equation
relating (z))*, (z)—, and z™:

H¥@Y++ (T — VI )Z-—VH ()~ =¥~ —f* (58)

where the plus and minus superscripts on H, J, and f mean
that these matrices are to be calculated from (51) on the
basis of shell properties just beyond and just ahead of the
discontinuity, respectively. The differential equation (39),
the boundary conditions (52), and the discontinuity conditions
(58) now will be cast into a unified set of appropriate finite-
difference equations.

Numerical Analysis

Finite-Difference Formulation

Suppose that p discontinuity locations sy, sy, ..., s, oceur
in the range (0, 5) of the shell; let the regions (0, s1), (s1, s9), . ..
(s, 5) be subdivided into Vi, Vs, ...V,41 equal segments,
respectively, and identify the endpoints of the segments by
the index 7%, running from zero at s = 0 to N(=ZV) ats = 3.
The increments in the nondimensional variable £ are then

A = si/aVy
Ay = (82 — s1)/aVs (59)
Apir = (5 — 8,)/aVpis

in the successive regions bounded by discontinuities. Note
that fictitious discontinuities may be inserted wherever a change
in the tncrement size is considered desirable. Finally, denote
the discontinuity stations by ¢ = 7. (m =1, 2, ... p). The
differential equations (39) will be written in finite difference
form at all stations except ¢ = 0,jn (m = 1,2, ... p),and N
on the basis of the usual central difference formulas:

2" = (Z¢+1 — 2z; + Z{~1)/A2 (60)
2 = (21 — 21)/20 (61)

where the A must, of course, be the one corresponding to the
region associated with the station 2. It should be noted that,
when (60) and (61) are used at 7 = j,, -+ 1 (that is, at a station
immediately following a discontinuity), z;—;* must be used
for z;—; similarly, when ¢ = j,, — 1, z:+1~ must be used for
Zit1e

The discontinuity equations (58) will be approximated at
1 =J. (m = 1,2, ...p) on the basis of the formulas

(2;)F = (@2 — 2;)/AT (62)
()™ = (&;" — Zi-)/A~ (63)

where, for simplicity, the subscript m on j has been omitted,
and where A+ and A~ are the intervals ahead and beyond
station 7., respectively; in fact, by (59), A~ = A,, and At =
A~m+1‘

Finally, the boundary conditions (52) will be written at
t = 0 and ¢ = N with the help of

2 = (o — 20)/ A (64)
2y’ = (v — zn—1)/ A, (65)
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The convention now will be adopted that whenever z; is
written without a qualifying superscript it means z;~; then,
whenever z;+ appears it will be replaced by ¥z, according to
Eq. (56). Then, the results of writing the various difference
equations just described can be stated compactly as the
following set of algebraic equations forz; (¢t = 0,1, 2, ... N):

Aoz1 + Boto = ¢o

Az + Bizi + Cizier = ¢
Byey 4+ Cnzn—1 = gn

(=12 ...N—1) (66)

Here
Ao = QO}IO/AI
By = Ao + Uldo — (Ho/Ay)] (67)
o = b — Qofo

where the subscript zero refers, of course, to the conditions at
s=0. Fori #0,jmjn+1,N(m=12 ...p),

4; = (ZEi/A) + F;
Ci = (2Ei/A) - Fo'
g: = 2A€i

where the appropriate value for A is used. For i = j,, + 1,
(68) applies, except that

Ci+1 = ‘I’i[(ZEH-l/A) - Fi+1] (69)
For ¢ = j,,
Aj = H,‘+/A+
B; = [J;* = (H;7/AN; — ¥, [, + (H;7/A7)] (70)
Cj = ‘I’jHj—/A—
gi =i —fit
Finally,
By = Ay + QuvlJy + (Hy/Ap)]
Cy = —(QNHN/AP) (71)
gy = Iv — Qufw

where N refers to the conditions at s = 3.

Matrix Solution of Difference Equations

The set of matrix equations (66) will be solved by essen-
tially the same formal procedure used in Ref. 1 for the
analogous equation for the case of axisymmetric loading of
shells of revolution; this procedure actually is equivalent to
solution by the method of Gaussian elimination used in Ref. 2
for the same axisymmetric loading problem. In its most
primitive form, the Gaussian elimination technique would
proceed as follows: the first of Eqs. (66) would be solved for
% in terms of z;; this result would be substituted into the next
equation, and 2z, would be found in terms of 2, and so on;
finally, the very last equation, together with the result for
2y—1 in terms of zy, would determine zy, and then all of the
2’s would be calculated in reverse order. A minor modifica-
tion of this method is, however, desirable (and sometimes
essential) in the treatment of (66), for the matrix B, some-
times may be singular.i Accordingly, the solution is started

1 This occurs, for example, in the case of a clamped edge, with
?,LE=UQ="1=§0$=0; then

0 1 '
- 0 _ 1
=0 Qu—[ 0 :| Ao—[ 1 ]
1 0

giving
1 0 0 0
o 1 0 o
By = [0 0 1 0}
we 0 1/A 0

which is singular.
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by the simultaneous solution for z, and 2, in terms of 2z, and
then proceeds as just described. From

Aoz + Bozo = ¢o
Bizi + Cizop = g1 — Aizs
it follows that
21 = — [BeCr By — Ao] 7 HBCi 412 — BoCi7ig1 + go]  (72)
Now write the general result for z; in terms of 2, as
2 = —Pazg + 2 (73)
(Z=12 ...N-1)
Then, the substitution of z,_y = —P;_2; + z.—, into the
general equation of (66) provides the results
= [B. — C.P._,1"14.
Al e R A

(t=23,...N-1)

The recurrence relations (74), with the initial values from (72),

P1 = [BoCl_lBl bt Ao]—‘lBocl—lAq (75)
21 = [BeCi™ By — Ao BCi7ir — g0l
then provide all the P’s and «’s up to Py—1 and xy—:. Sub-

stitution of zy—; = — Py—12y + Zy—1 into the last of Egs. (66)
then gives
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Inverting the constitutive relations (15) and using (23, 24,
and 26) gives

E(To §'
n) = "~ __ (n) (n) 2 (n} (n) —
o Bl — ) be‘g -+ veg +a(kE Y + vk ):I
EaT®
11—
EO’o B g‘
) = "% (n} () 2 (n) | —
) Fad - L% e + o (ko™ + vko ]
EaT®
)
1 —v
Eoy B .( ]
@ = - (n) 2 (n)
R ¥

Note that E, «, and T™ all may depend on {, the distance
from the reference surface.

Using (82a, 32b, and 37) (and, again, casually dropping
superseripts n) gives

kg 4 vko = W
ko + v = ™ -; my _ v(mg ;Zi- mr) | (1 — 99k

which, when used in (79) together ‘with the strain-rotation-

ey = [By — CyPy-1|"gy — Cyay-] (76) displacement equations (28-30), leads to
and then zy—1, 2y—2, ... 21 can be found from (73). Finally, e
2 1s given by ‘; 09(70] = Kz + Lz + o7 (80)
2 = Ci g — Awze — Bizi] (77) oz
Thus, the only matrix inversions involved in the solution for where
1 0 0 0
an (’Y(l — V2>
= ————— —_— 7 0
K=ma—-ml" 0 a (81)
1 -y ¢ e n J
> - =(1 — »)- 0
0 2 [1 + 2a(3ws wg)] a(l v)p
vy vn/p wg + vwe ¢/ad
— p2 32 1 — py2 2
L _ _ Ea 7[1+L”—)@] 71[1+<_1_Q@] o+ vy + LTI A
= m a p a ap ad
L —w\(n _1+(wo——3wg)§' 1—v» l:_l+(wg—3wo)§‘:| (1 =vnyg 0
2 P 2q v 2 2a ap
(82)
Boyfmr  EaT®
Ey(1 — vad 1 —v
EaT™ (83)

gr = VE(Tog'mT .
[Eo(l - V2)ad 1 —v

all the #’s are of 4 X 4 matrices, and the process is suited very
well for rapid machine computation.

The z; obtained at a discontinuity station is, of course,
really z;7; the value of z;%, at such a station easily is found as
z j+ =T 2.

Calculation of Stresses

Once the 2’s have been calculated, the stresses at any point
in the shell can be found. The stresses in the present solution
are obtained from the expansions

s

oy = o™ cosnd
n=0

gy = Z ae™ cosnf (78)
n=0
<«

oeg = D o™ sinnf

n=1

0

For numerical calculation, the use of (61) at “ordinary”
stations, (62) and (63) at discontinuity stations, and (64) and
(65) at the boundaries is recommended for the evaluation of
2" in Eq. (80).

Remark Concerning the Reference Surface

A substantial simplification in setting up the numerical
analysis for computation may result from the observation
that, in the spirit of thin-shell theory, errors of the order of
the thickness in the specification of the reference surface can
be tolerated in the formulation of the equation of equilibrium.
It is recommended accordingly that the key geometric fune-
tion 7(s) be stated with respect to a surface chosen simply
according to convenience anywhere in the shell wall. In
other words, the condition (1) need not be imposed insofar as
calculations of the various geometrical parameters p, wes, w,
and v are concerned. Of course, if (1) can be satisfied easily
in these calculations, there is no harm in doing so; but when,
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for example, the same shell is to be analyzed for several
different temperature conditions with different resultant
variations of Young’s modulus, it is nof recommended that
new reference surfaces and new variations of p, ws, ete., be
caleulated for each case. On the other hand, it ¢s essential
that the rigorous location of the reference surface enter into
Eqgs. (34) and (36) for the nondimensional bending stiffness d
and the thermal moment my. Similarly, the correct value of
¢ as measured from the true reference surface must be used in
Eqgs. (80~-83) for the stresses.

Brief Discussion of Computation Program

There is little point in presenting, in all its ramifications,
the machine program that has been developed for executing

n=0
— NUMERICAL
Lo esee ANALYTICAL

0.8

(I-vz)

2
06 Ehy
w
ho

2
M. x 1O
3
04
0.2

0

-0.2
0 Ol 0.2 030405 06 07 08 09 10

— NUMERICAL
eee ANALYTICAL

.2
0O 0l 02 03 04 0506 07 08 09 10

w||»

n ='2 :
-— NUMERICAL
see ANALYTICAL

2
M, x10
et

-0.2 1.1 1 1 1 11 1 1.
O 0l 0203 04 05 06 07 08 09 1.0

n=20
1o — NUMERICAL
eoe ANALYTICAL
08
(- %) 2
06 Eh02 ME“O
04
02 w
= hy
o
—opl—t 0oy

O Ol 02 03 04 05 05 07 0.8 09 1.0

af|o

Fig. 6 Comparison of present solution with analytical
solution for a cylinder with U = ¥V = W = 0 and
QA — v)ME/(Ehe?) = 1072 cosnf at the ends.
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the numerical analysis. It may be helpful, however, to
summarize very briefly the sequence of computing steps
involved:

1) From the given geometrical specification r(s) of the
assumed (see the foregoing) reference surface and the loca-
tions 81, S, ... 8p of discontinuity stations, subdivide the
shell, identify stations ¢+ = 0, 1, 2, ... N, and calculate p,
we, wg, wg’, and <y at these stations, using differentiation
formulas similar to Egs. (61-65) (including the computation
of separate values on either side of discontinuity stations).

2) From knowledge of the variation of E through the thick-
ness at each station (and on either side of discontinuity sta-
tions), find the rigorous location of the reference surface
according to Eq. (1), and then calculate b, d, &', and d’ at
each station.

3) For a particular n, tabulate p™, p:™ pe, T®({) at
each station; calculate nr™, mr™ at each station.

4) For the assumed n, use the boundary conditions atz = 0
to calculate p;, z; (t = 1,2, ... N — 1), using the a’s and b’s
in Appendix A to compute, at each station as needed, the
matrices A, B, C, and ¢ entering into the calculations. Then
use these P’s and 2’s and the boundary conditions at ¢ = N
to get z at each station.

5) For the assumed 7, calculate Fourier coefficients for the
stresses og, g, oz¢ where desired.

6) Repeat steps 3-5 for as many »’s as needed to insure
adequate convergence; finally, use appropriate Fourier com-
binations of the separate results to obtain displacement and
stresses.

Check Calculation

A preliminary check of the calculation procedure has been
made for the case of a uniform circular cylinder of thickness nqo
subjected to end moments M& = 1072[Eh2/(1 — »2)] cosnd
with Ug = Us = W = 0 at the boundaries. An analytical
solution of this problem on the basis of the Sanders theory
was obtained for comparison. The calculations were made
for a radius-to-thickness ratio a/hy = 50, a length-to-radius
ratio 5/a = 1, and Poisson’s ratio » = 0.3; 300 intervals
were used over the length of the cylinder. The results for
W/ho and (M1 — v?)]/Eh® at § = 0 are shown in Fig. 6 for
n = 0, 2, 5, and 20, together with some analytically derived
results. The agreement is excellent, despite the boundary
layer character of the results for the higher values of n.

Supplementary Remarks

Singular Points

If the shell has a pole (ie., r = 0), coefficients in the
governing differential equations become singular. A simple-
minded way to handle this situation is to choose the boundary
s = 0 not at the pole, but a very short distance away, and
then impose the boundary conditions at s = 0 as uz = up =
fe=o¢or=0forn =0t =1g=w=m=0forn=1
(assuming no concentrated forces or moments at the pole),
amd ug = ug = w = mg = 0 for all other n. This probably
is not the most accurate or elegant procedure, and alternatives
merit study.

Branching Shells

It has been assumed tacitly all along that the shell under
consideration has no more than two boundaries; a multiple-
branch shell such as shown in Fig. 7a may be analyzed, how-
ever, by applying appropriate transition conditions at the
branch point.

Define separate families of auxiliary matrices PI, P11, PIII,
21, 211, and 2111 with the properties

2l = —Plzg I + 2.1
201 = —PIlz 11 4 2,11
I = — PIlig, I -+ 2,110
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where the superseripts refer to the separate branches shown in
Fig. 7a. Tt is possible to start the calculations of Pr,z1 and
pII, z11 at the boundaries of branches I and IT and then leap
across the juncture 7 to the calculation of PII, zIII. The
reverse sweep for the calculation of the 2’s then would start
at the boundary of branch III and, at the juncture j, continue
independently along the branches I and II back to their
respective boundaries. The details of this procedure are
given in Appendix B. This method can be extended readily
to handle a multiplicity of branches as in Fig. 7b; it will not,
however, be applicable to closed loops (Fig. 7¢), which must
be treated separately by traditional cut-and-fit methods of
indeterminate structural analysis.

Appendix A: Formulas for Coeflicients

The coefficients ay, a,. . .as in Eq. (38) are as follows:

@ =b ay = vb + b’
1 — »)bn?
as = vb'y — vhorws — by — (—5:2—)2 —
(L — ») |:(1 + )y + Mjl
8p
1 b Adn(l —
‘= : _;pV) -+ n(8p g (Bw — wp)(Bws — wy)
a =20 <3_v>(vbn)—
[ 2p
2701 . _ .
A d(l V)'yn [(30){: wﬂ)(3w6 wg) + (1 + D)wgwa:]
p 8
as = b(wg -+ vwe) + AMA — »)[Q + v)vie +
(n*/2p%) Bwg — wo)]
ar = blag’ + v{ws — wo)] + b'(wg + vay) —
2 (1 — 2 _
Ad(1 2v)'yn [Swg s + a4+ V)wg]
p 2
ag = )\2(.05 Qg = )\2(1 — V)’Y(.Og'. Qup = —04
— ’ 2q(1 —
oy = _M(g_v)~(1 v)nb +)\d(1 V)’ﬂx
2p 2p P
[—(1 + v)ywiws - 81 (Bogwy — Twp? — 3we?) —
’ A (1 —
% (bws — 30)5)] - _(Sp—y)n (Bwg — wo) (B — wy)
b1 — ») | Nd( — »)(Bws — wg)?
hiz =Ty 8
1 — Ad(1l —
o= (157) o9 = M2 o - x
ANd'(1 —
[2(.05' - ’Y(5wg — 3we)] + h(S ?) Bws — wg)‘"
- _ = b — lﬁf —
O = —7Yai + D) wwe po
2,2
Ad(1 — ») [%"iﬁ _ Weop (3ws — ws)zil
Ad(1 — »)(Bwp — wp)n
s =
2p
Ad(l —
Qi = (—2,)’/“)9 [2(1 + v)ywe e wg' + 3’}/((»5 - wa):l +
Ad/(1 — »)(Bws — we)n
2p
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a)

Fig. 7 Branched shells.

bn(ws + vws) I Adn(l — v) x

iy = — 0 2p
2
[W, — 2yt — ﬂip”)ﬂﬁ +
ANd'n(l —
(Bws — wp)(v? + wgwe)] — __—n(2p ny (Bwp — wg)
as = — (¥A2wen/p) thy = —0s
gy = —bv(wo + Vw;:-) + )\2d(l - V) ['Y(I + V)(—’wal =+
Vi — (niwg/p?) + 2wiiws) + (n%/2p?) (yowr —
yws — 3wg”)] — AN — ) [ + v)vies +
(n?/2p%)(Bw; — we)]
aa = 0O15
2 —
Qoo = A d(12p V)n [37‘*’5 - 7""6(5 + 2V) - wi,] +
A1 —
MUQ = gy
2 —_—
= — bn(ws + vwy) n A — vn >
P 2p
2
[2(1 + v <wgw92 — Yior + 27v%wp — an:()) +
Yo' + 3vHws — wp) + wiws(3ws — ws)] -
297 .
ﬂ(;TM 2(1 + »)vws + v(Bws — wg)]
ass = N1 — »)[(2n%/p%) + (1 + »)7?]
ass = —Nd(1l — »)[(1 + »)2ywws + v®) + Cyn?/p?) ] +
N (1 — ») [ + »)v? + (2r%/p3)]
ass = —b(we? + 2vwrws + wp?) +
2 _ 2 2
A_ﬁliﬂ—v)n l:(l + v (wgwo — %2 =+ 272) +
2.3 — 2
2(y + wgwe)] - Lﬂlﬁ_v)i B+ »y
ag = A2 as = Nv(2 — »)
az = —AN[(1 — v)wews + (¥ pY] as = deog
an = d(wg’ + vyowt) az = dynwy/p
am = —d ass = —dvy
ass = dvn?/p? as = —1
The ¢’s are
e = —pg + tr' — N1 — p)yogmr
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¢ = —ps — (n/p)tr — N1 — v)(n/p)wsmr
¢ = —p — (0 + w)ir — M1 — »)yms’ +
A1 — v) [wgws — (n%/p?) |mr
C4y = Moy
F nally, the &’s in Eq. (49) are
b1 = b bz = V’Yb
by = wnb/p by = b(wg + vwe)
b1 — v)n  dA:(1 — w)n

bs = — 2p - 8p (3wg - wo)(Swe - 0)5)

bl — A1 —
b = X 2 "y (8 V)(3wo—we)2
by = —vbe

Nd(1 —
bs = *_% (Bwp — wp)
by = —ybs
bo = =Nd(1 = »)[(1 + »)vier + (1%/20%) B — wi)]

Nd(1 —
by = —(2‘)*11)% (Bws — we)

A1 —

by = — _(—2p’m Bws — w + 20 + »)ws]

bis = Nd(1 — »)[(2n%/p%) + (1 + »)v?]
by = —Nd(1 — »)(3 + »)(yn*/p?)
b15 = )\2 bls = )\2(1 - V)’Y

I

Appendix B: Branch Point Transition Relations

Recalling the definition (48) for the column matrix y and
introducing the diagonal matrices

1 0

0 1

permits the conditions of continuity (53) at the juncture in
Fig. 7a to be written as
Bl 4 gyl = AWyl + gyl = BWIzl nyt (Bl)

where W and W1 are defined in terms of Y1 and ¥, respec-
tively, according to Eq. (57). Similarly, the equilibrium
conditions (54), generalized to the three-branch case, are

Byl + gt = BWIYIL | pall  BWIYT |+ pzt (B2)
Introducing Eq. (50) into (B1) and (B2) (and noting that
af = 0, 8f = f) gives
.anI(an)f + B+ anI)an = ,]Hn(zn)' +

(BY + nJmett = g (@)’ + (BY* + n/)a (B3)
QBHIII(ZIII)' + (,7 + 5]111)2111 = B\I/IIHII(ZII)' 4+
(7 + YT + BVHIE)' + (5 + BYT)21 +
WIfin 4 WIfI — Ui (B4)
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With the use of formulas (62) in branch ITI and (63) in
branches I and II, Egs. (B3) and (B4) can be cast into the
difference forms:

Qzip M + Re,1 = SUip 01 Tl 11 = Slz1 4 Tl 1 (B5)
Mz 4 Nzt = X1Ug Tl 4 Y, 10 4 X Tp0 4

Yzt 4 Wil 4+ PIfl — fII (B6)
where the matrices , R, etc., are derivable in obvious

fashion.$
Using the basic Gaussian elimination formulas

2i—' = =Pzt + 2ot
21 = — P, Tl 4 g, 1
in (B5) and (B6) gives
[St — TiP; T]et + Tzl = [ST — Tup,; itz 4
Tz, 1 = Qzje 1 4 Rz;i1t (B7)
[XT — YIP; et + Vig; 0 + [X1 — YUP,  ]z1r
Yip, 10 4 WUfID 4 WIfT — fII = Az, 0T |- Nzt (BS)
Now eliminate 2, and z,;1* from (B8) by means of (B7):
[X* — YIP,_I][St — T'P,_ 117 [Qzj+, 1N + Rzl —
Tix;—l] + [ X1 — yup, ,1)[Su — Tup; ]t
[QZH_IIII + Rz,'IH — Tnx’._ln] + lej_ll -+
Yiig, 30 WIfit 4 Wifl — fIIl = Mz, + Nzt (B9)
Hence, with
210 = — Pl T 4 g I
the desired expressions for P;1T and z;1! are, from (B9),
P = [N ~ (D' + DWR]™[M ~ (D' + D™Q]
20 = [N — (D' + DOR]I(Y' — DTz +  (BIO)
(Y — Duping, 1 4 WIfl 4 PIfI — fII1]

where

Dt = (Xt — Y1P;\))(S" — T'P;—)?
D1 = (X1 — yup, m(Su — pup, -1

Thus, from a knowledge of P;_if, P;-I, x;-41, and z; !,
the calculation can proceed directly to the determination of
P, and z;/ and then to the boundary of branch III in the
standard fashion.
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